We investigate the entanglement of the ferromagnetic XY model in a random magnetic field at zero temperature and in the uniform magnetic field at finite temperatures. We use the concurrence to quantify the entanglement. We find that, in the ferromagnetic region of the uniform magnetic field h, all the concurrences are generated by the random magnetic field and by the thermal fluctuation. In one particular region of h, the next-nearest neighbor concurrence is generated by the random field but not at finite temperatures. We also find that the qualitative behavior of the maximum point of the entanglement in the random magnetic field depends on whether the variance of its distribution function is finite or not.
Introduction
We study in the present paper the pairwise entanglement of the ferromagnetic spin-1/2 XY chain in a random magnetic field at zero temperature and in the uniform magnetic field at finite temperatures. The entanglement 1, 2 is one of the most interesting features of quantum mechanics. It has the property of non-locality originating in the principle of superposition. One typical example of the state which has the property of the entanglement is the singlet |ψ = 1/ √ 2(|01 − |10 ). The measurement on one particle of this state affects the other particle immediately, even if two particles are far away from each other. This non-locality of the entangled state puzzled many people including Einstein in the early times when the quantum mechanics was born; Einstein thought that quantum mechanics was an incomplete theory because of the non-locality. However, violation of the Bell inequality, 3 or more generally the CHSH inequality, 4 showed that the non-locality is a reality. Quantum mechanics is now widely accepted, having explained a lot of phenomena which were not explained by classical mechanics.
The quantum information processing 5 such as quantum teleportation 6 and super dense coding 7 have been heavily studied recently. The entanglement is vital for implementation of such techniques. In reality, however, the entanglement may be destroyed by some decoherence effects 5 such as the thermal fluctuation and a random magnetic field. Thus, it is important to know how the entanglement is affected by thermal and impurity disturbances. Effects of impurities on the entanglement are also interesting from the viewpoint of the relation between quantum coherence and impurities.
In the present paper, we calculate the entanglement between two spins of the ferromagnetic isotropic XY chain in a random magnetic field as well as at finite temperatures. To our knowledge, this is the first to study systematically the dependence of the entanglement on the randomness in a spin system. Li et al. 8 studied the de- * Corresponding author. E-mail: hatano@iis.u-tokyo.ac.jp pendence in the one-electron Anderson model in one dimension. The conclusion that the entanglement increases due to the randomness in some parameter regions (see below) is common to both studies. (After submitting the present paper, we noticed a study on the entanglement in random quantum spin-S chains. 9 It, however, is not quite related to the present issue; the study concerns a scaling law of the entanglement entropy in the random singlet phase.)
There have been a couple of works which studied the effects of the temperature on the entanglement of spin systems. Arnesen et al. 10 mentioned that the nearestneighbor entanglement of the anti-ferromagnetic Heisenberg chain can be increased by introducing the temperature in a uniform magnetic field. Similar work has been done by Nielsen 11 on the two-spin Heisenberg model. Osborne and Nielsen 12 studied the nearest-neighbor and the next-nearest-neighbor entanglement of the anisotropic XY chain and the ferromagnetic transverse Ising chain. Although their main interest is in the entanglement near the quantum ground-state phase transition, they also mentioned calculation of the entanglement at finite temperatures. Yano and Nishimori 13, 14 also mentioned a finite-temperature calculation of the nearest-neighbor entanglement on the anti-ferromagnetic anisotropic XY model. Their results for the nearest-neighbor entanglement are almost the same as ours. Our conclusion that the entanglement also increases due to the thermal fluctuation in some parameter regions (see below) is common to the above-mentioned studies. None, however, compared the entanglement in a random magnetic field and that at finite temperatures quantitatively in the same model.
We compute the entanglement between two spins from the nearest-neighbor pair to the fifth-neighbor pair. We use the concurrence 15 to quantify the pairwise entanglement. We find the following:
(1) In general, the entanglement is decreased as the randomness is increased;
(2) In the region of the uniform magnetic field h > 1, the entanglement is increased by the random magnetic field and by the temperature. In yet another region h < 1/2, it is increased by the random field but not by the temperature.
(3) Qualitative behavior of the maximum point of the entanglement depends on the random magnetic field, in particular, whether the variance of the distribution function is finite or not.
(4) The entanglement between two spins at finite temperatures becomes weaker than that in the random magnetic field at zero temperature as the distance between the two spins gets greater.
The present paper is organized as follows. In §2, we introduce the model and review the outline of computation of its correlation functions, which are necessary to quantify the concurrence. In §3, we calculate the concurrence for: in §3.1, the XY spin chain in the uniform magnetic field at zero temperature; in §3.2, the XY spin chain in a random magnetic field at zero temperature; in §3.3, the XY spin chain in the uniform magnetic field at finite temperatures. Finally, we give a summary and discussions in §4.
The model and the entanglement

Diagonalization of the model Hamiltonian
The Hamiltonian of the XY spin chain in a random magnetic field is given in the form
where J (> 0) is the coupling constant, N is the number of the spins, σ α (α = x, y, z) are the Pauli matrices, h is the uniform magnetic field and {h j } are the random magnetic field. We impose the periodic boundary conditions:
Hereafter, the coupling constant J is set to one. The random magnetic field h j at each site obeys the distribution function
where the parameter q determines the type of the distribution function and a determines the width of the distribution function. In particular, eq. (3) is reduced to a Gaussian distribution function as q → 1. In this case, the scale parameter a is its standard deviation. Equation (3) is also reduced to a Lorentzian distribution function for q = 2. In this case, the scale parameter a is its half width at half maximum. The variance of the distribution function (3) diverges for q ≥ 5/3 and is finite for q < 5/3. In the case of the Lorentzian distribution q = 2, Nishimori 16 analytically calculated the average one-point correlation function and obtained lower bounds of the average twopoint correlation functions. The results in the paper, 16 however, are not used in the present paper, since we take the random average of the concurrence, which is a nonlinear function of the one-point and two-point correlation functions.
We diagonalize the Hamiltonian (1) as follows. The Hamiltonian can be expressed by the Fermi operators a † and a after the Jordan-Wigner transformation. The Hamiltonian is then reduced to the quadratic form
where we dropped a constant term in the Hamiltonian (4). The signs of the (1, N ) and (N, 1) elements in eq. (5) are negative when the number of the Fermions in the system is even and positive when odd. The Hermitian matrix A is diagonalized by a unitary matrix V . We thus have
where the operators c † i and c i are given by
and satisfy the anti-commutation relations {c † i , c j } = δ ij and {c i , c j } = 0.
Correlation functions and the two-site density ma-
trix In order to quantify the entanglement, we use the concurrence 15 related to the entanglement of formation.
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The concurrence between the spins at sites i and j is calculated from the two-site density matrix ρ ij as
where
are the square roots of the eigenvalues of the matrix R = ρ ijρij in non-ascending order,
The complex conjugation is taken in the σ z basis. The two-site density matrix ρ ij is defined by
where Trî j denotes the trace over the degrees of freedom except for the sites i and j, and ρ is the density matrix of the whole system: ρ = e −βH /Z. The two-site density matrix can be expanded in terms of the identity matrix and the Pauli matrices as 
Hence, sixteen coefficients are needed to determine the two-site density matrix in general. Thanks to the symmetry of the Hamiltonian (1), the number of the coefficient is reduced to four; we need σ (α = 1, 3) only. The others are zero. 12 Hence, the two-site density matrices of the model take the form
The correlation functions are obtained as follows:
where G i,j are given as follows in the three cases:
i) The XY spin chain in the uniform magnetic field at zero temperature. In the thermodynamic limit, {G i,j } are given by [18] [19] [20] 
ii) The XY spin chain in the uniform magnetic field at finite temperatures. In the thermodynamic limit, {G i,j } are given by [18] [19] [20] 
iii) The XY spin chain in a random magnetic field at zero temperature. In this case, {G i,j } are given by
where V is the matrix diagonalizing the matrix A in eq. (5) and N G is the number of the Fermions.
In the ground state, the Fermions are filled in the levels with ǫ i < 0 in eq. (6).
The concurrence
Now that the coefficients in eq. (10) have been obtained, we can evaluate the concurrence. We here define the average concurrence as the random and spatial average:
where [· · · ] av denotes the random average, C i,j denotes the concurrence between the sites i and j, and N is the number of the sites. In the absence of the random magnetic field, the Hamiltonian possesses the translational invariance and the averaging is not necessary. We note that the entanglement of formation 17 after the random average and the spatial average is always greater than that obtained by substitution of the average concurrence into the relation between the entanglement of formation E and the concurrence C
since E(C) is a concave function of the concurrence C. Hereafter, we simply refer to the average concurrence as the concurrence.
In the case of no random magnetic field, we calculated the concurrence rigorously in the thermodynamic limit. In the case with a random magnetic field, we numerically evaluated the sample average of the concurrence (20) . For all the results below in the random case, the number of the sites N is 500 and the number of the samples is 10000. In Fig. 1(a) , the next-nearest-neighbor concurrence C(2) is plotted for q = 2 (the Lorentzian distribution) with error bars at h = 0, 0.5, 1, 1.5, 2, 2.5 and 3, but the errors are almost invisible. In Fig. 1(b) , the next-nearestneighbor concurrence C(2) is plotted for q = 2 and for the system size N = 10, 100, 250 and 500 with the random average over 10000 samples. The finite-size effect is invisible for N ≥ 100. We hence conclude that 10000 samples and the system size N = 500 are substantial. We calculated the average concurrence C(r) for 1 ≤ r ≤ 5 but not all the results are plotted below.
Numerical results
3.1 XY spin chain in a uniform magnetic field at zero temperature We first study the concurrence of the XY spin chain in the uniform magnetic field. Figure 2 shows the nearestneighbor concurrence C(1), the next-nearest-neighbor concurrence C(2), the third-neighbor concurrence C(3) and the fourth-neighbor concurrence C(4). All the concurrences rapidly decrease near h = 1, where the quantum phase transition occurs, and vanish in the region h > 1. In the region h > 1, the ground state is given by the tensor product of the one-spin state | ↑ 1 as 3.2 XY spin chain in a random magnetic field at zero temperature Next, we study the concurrence in a random magnetic field (in addition to the uniform magnetic field h) at zero temperature. The random magnetic field obeys the distribution function (3); we investigate the cases for q = 1, 1.35, 5/3, 1.85 and 2.
The nearest-neighbor concurrence C(1) in all cases be- haves similarly. In the region h < 1, the nearest-neighbor concurrence in a random magnetic field for each q decreases as the distribution width a is increased. We here show in Fig. 3 only the cases q = 1 and q = 2. The reduction of the nearest-neighbor concurrence C (1) is greater as the scale parameter a is increased. For h > 1, the nearest-neighbor concurrence for all q is increased by the random magnetic field. That is, the random magnetic field increases the quantum correlation. The reason why the nearest-neighbor concurrence is increased for h > 1 may be as follows; the random magnetic field flips some of the aligned spins of the ferromagnetic (or classical) ground state (22) and thereby the flipped spins and their neighboring spins restore the quantum interaction. As shown in Fig. 4 , the next-nearest neighbor concurrence C(2) for each q is decreased for 0.5 < h < 1 as the scale parameter a is increased. On the other hand, it is increased for h < 1/2 and h > 1 as the randomness a is increased. This is in contrast to the finite-temperature case in the next subsection, where we show that the nextnearest-neighbor concurrence C(2) for h < 1/2 is not increased at finite temperatures. The reason of the increase for h > 1 may be the same as the above-mentioned reason for C(1). We have not been able to determine decidedly the real reason why the next-nearest-neighbor concurrence C(2) is increased for h < 1/2. We, however, can consider some situations where the next-nearest-neighbor concurrence is increased for h < 1/2. Let us first consider the case where the variance of the distribution function is finite, i.e. q < 5/3. There may arise a situation where the random magnetic field is almost constant and equal to the distribution width a over a region of considerable length; see Fig. 5(a) . The uniformness then may generate the concurrence in the region. We can give an argument for this speculation. In Fig. 4(a) and (b) , the concurrence without the uniform field, h = 0, is generated only for a ≥ 0.5. This is consistent with the fact that the concurrence without the randomness is zero for h < 0.5; if our speculation is correct, the concurrence is generated by an "almost uniform" random field only when the field is greater than 0.5.
In the case where the variance of the distribution function is infinite, i.e. q ≥ 5/3, we could think of a more plausible situation. In this case, a singularly strong random field can appear at a site as illustrated in Fig. 5(b) . We then can take the Zeeman energy of the site as the non-perturbation term and calculate the second-order perturbation of the exchange energy. We may end up with an effective interaction between the two spins beside the strong magnetic field. In this situation, the nextnearest-neighbor concurrence may be restored around the strong field.
We find that the qualitative behavior of the nextnearest neighbor concurrence C(2) is different depending on whether the variance of the distribution function is finite or not. The maximum point of the next-nearestneighbor concurrence for q < 5/3, where the variance of the distribution function is finite, shifts to the right as the randomness a is increased as shown in Fig. 4(a) and  (b) . In contrast, the maximum point of the next-nearestneighbor concurrence for q ≥ 5/3 in Fig. 4(c) -(e) shifts to the left as the randomness a is increased. The third-neighbor concurrence C(3) and the rest, C(4) and C(5), behave similarly to the next-nearestneighbor concurrence C(2), only smaller than the nextnearest-neighbor concurrence. The maximum point of the third-neighbor concurrence and the rest for the cases q ≤ 5/3 first shift to the left and turn to the right as shown in Fig. 6. 3.3 XY spin chain in a uniform magnetic field at finite temperatures Third, we investigate the concurrence of the XY spin chain in the uniform magnetic field at finite temperatures; see Fig. 7 . The nearest-neighbor concurrence C (1) is decreased for h < 1, whereas it is increased for h > 1; see Fig. 7(a) . The reason why the concurrence is increased for h > 1 may be that the temperature excites entangled states above the ferromagnetic ground state with some probability due to thermal fluctuation. Thus, the concurrence can have a non-zero value for h > 1. We can hardly see the essential difference between the effects of the random magnetic field and the temperature on the nearest-neighbor concurrence C(1); compare Fig. 3 and Fig. 7(a) . The next-nearest neighbor concurrence C(2) is decreased for 0.5 < h < 1. The increase of the concurrence appears only for h > 1; the concurrence for h < 0.5 does not appear. This is in contrast to the case of the random magnetic field shown in the previous subsection, where the next-nearest-neighbor concurrence C(2) for h < 1/2 is increased by the random field; compare Fig. 4 and Fig. 7(b) . The difference between the disturbance of the random magnetic field and the temperature appears in this point. The third-neighbor concurrence C(3) and the rest, C(4) and C(5), behave similarly to the next-nearestneighbor concurrence C(2) except for quantitative difference.
Finally, we study the maximum concurrence as a function of the scale parameter a or the temperature kT . The reduction of the maximum concurrence as a function of the scale parameter or the temperature is plotted in Fig. 8 . The nearest-neighbor concurrence C(1) decreases for the random magnetic field more rapidly than that at finite temperatures in the plotted ranges. In the same plot ranges, however, the third-neighbor concurrence C(3) in the random magnetic field remains finite, whereas the third-neighbor concurrence C(3) at finite temperatures almost vanishes for kT ≥ 0.07. We thus observe that, as the distance between the two spins increases, the concurrence becomes considerably weak against the thermal fluctuation.
Summary and discussions
We have studied the entanglement of the XY spin chain in a random magnetic field at zero temperature and in a uniform field at finite temperatures. We found that: (i) In general, the entanglement is decreased by the random magnetic field and the temperature; (ii) The entanglement is increased by the random magnetic field and the temperature in some parameter regions. That is, quantum correlation can be both increased and decreased by the disturbances. In particular, we find that the next-nearest-neighbor concurrence C(2) for h < 1/2 is increased by the random magnetic field as well as for h > 1. The increase of the concurrence for h < 1/2 does not occur for the thermal fluctuation. This is a notable difference between the random magnetic field and the thermal fluctuation. (iii) The qualitative behavior of the maximum point of the concurrence depends on whether the variance of the distribution function is finite or not. In particular, the maximum point of the concurrence shifts to the right when the variance of the distribution function is finite, whereas it shifts to the left when the variance of the distribution function is infinite. (iv) The entanglement between two spins at finite temperatures is weaker than that in the random magnetic field at zero temperature as the length of two spin is larger.
In view of implementation of quantum information processing, the conclusion (ii) indicates that impurity and thermal disturbances are not always destructive to the entanglement resources. The conclusion (iii) also indicates that, under some randomness, we may obtain the best quality of the entanglement at a point different from the pure case.
We need further studies to find definite reasons why the concurrence is increased by the random magnetic field and the thermal fluctuation. It may be also interesting to compute perturbationally the dependence of the concurrence on the distribution width of the random magnetic field to see why the behavior of the maximum concurrence is different for finite variance and infinite variance. 
